We present a two-pulsed on/off scheme based on coherent control for fast switching of the optical energy in a micro cavity and use calculus of variations to optimize the switching in terms of energy.
Introduction
The high energy density in optical micro cavities may lead to pronounced non-linear effects from material responses such as the Kerr effect. This provides a mechanism for all-optical switching in which a control pulse shifts the resonance of an optical cavity to allow the transmission of a signal pulse at a different frequency, as illustrated in Fig.1 . Optical fields carry a phase that can be utilized for additional engineering of the coupling in and out of cavities. It has recently been illustrated how this type of coherent control can improve the energy efficiency [1] and opens possibilities for switching controlled entirely by the phase of the input light [2] . Regardless of the particular choice of operating principle, there is a need for fast switching of the energy in the cavity between the values U on and U off , corresponding to the "on" and "off" state of the switch, since residual energy may lead to unwanted patterning effects [3] . We show, that within the limits of our model, coherent control provides an approach for arbitrarily fast switching of the energy in the cavity. Therefore, from an optimization point of view, the total energy required for a given switching action is a more interesting figure of merit than the switching speed. For an example material system with a Kerr non-linearity we solve this problem analytically using calculus of variations and show that the optimal scheme is slightly different from our initial (constant power) approach. We illustrate the impact of our findings with direct numerical evaluation of the wave equation and find excellent agreement between the analytical and the numerical results. Non-linear effects may change the resonance frequency to transmit a signal at the frequency ω S . (c): Example cavity system in a finite one-dimensional photonic crystal with lattice constant a made from barriers of permittivity ε r = 13 and radius r = 0.1a in air. Blue solid curve shows the fundamental cavity mode.
Coupled mode theory and constant power approach
To analyze coherently controlled switching, we use coupled mode theory [4] (CMT) to set up equations for the energy and the phase of the field in the cavity as
in which 1/τ C represents the total decay rate of the field, and ∆ω = (ω C − ω S ), where ω S and ϕ S is the frequency and phase of the input light, respectively. F NL > 0 is the effective non-linear Kerr coefficient that accounts for the material non-linearity as well as the field distribution in the cavity. This form of the CMT equations follows directly from the standard formulation in Ref. [4] and is convenient when analyzing effects of coherent control on the switching action. From Eq. (1), the largest possible instantaneous rate of change of the cavity energy is found when ϕ − ϕ S = p π with integer p. This suggests a two-pulsed on/off switching scheme in which the input power is (piecewise) constant and we vary only the phase. For switching on (off), we choose p even (odd) and set P in = P on (P in = P off ). For U c (0) = 0 we find Switch on:
The energy in the cavity thus increases, at a rate set by τ C , towards the maximum energy of P on τ c . In a similar way, for switching off, we set U c (0) = U on to find Switch off:
Importantly, the transition times for both the switch on and switch off actions can be made shorter by simply applying a larger input power, as illustrated in Fig. 2 (a) for the switch on. For the switch off, interference effects act to decrease the energy in the cavity faster than the cavity decay rate, see Fig. 3 . In Eqs. (3) and (4), the respective phase relations have been assumed to be satisfied. For linear problems at resonance, this is satisfied for constant input phase and ϕ off S =ϕ on S + π, cf. Eq. (2). In the general case, integration of Eq. (2) provides the required change in input phase. This two-pulsed approach to fast switching by coherent control may be immediately applied to a wide range of systems described by Eqs. (1) and (2) . As an explicit (linear) example we set F NL = 0 and consider the one-dimensional model of a waveguide-cavity-waveguide system in Fig. 1 (c) , for which a time-dependent finite element (FEM) based model provides fast and very accurate reference solutions. We choose a model switch on/switch off action where U off = 0 and U on = P 0 τ C , and use two input pulses of width T = τ C /2 with the second (switch off) following directly after the first (switch on). The required input powers in the two pulses are derived from Eqs. (3) and (4), and for this practical example we use super Gaussian pulse shapes of the form P in = P on/off exp{−(t − t 0 )/τ C } 4N , with N = 10. Fig. 2 (b) shows the input pulses as well as the CMT solution and FEM calculation of the time dependent cavity energy. There is a good agreement between the two solutions, except for a number of minor oscillations in the FEM result which are caused by frequency components outside the validity of the simple single-resonance model implied in CMT. Overall, the two-pulsed on/off scheme works as intended to perform the desired switching action, clearly illustrating the potential of the CMT model and motivating further analysis of the two-pulse switching scheme. Fig. 2 : (a): Cavity energy variation U C (t) for different constant input powers as indicated. Vertical dashed line indicates the improvement in switching time for reaching U on = P 0 τ C (horizontal dashed line) when doubling the input power from P on = P 0 to P on = 2P 0 . (b): Example of the two-pulsed on/off scheme for fast switching based on two input pulses (black dashed) with different phases as indicated. The CMT calculations (red dashed with circles) compare well to independent FEM calculations (blue solid), confirming the applicability of the switching scheme.
Optimal switching
Since in the CMT the switching can be made arbitrarily fast, the relevant quantity to optimize is not the switching time, but rather the integrated input power required to perform the switching action in a certain time. Thus, for a given switching time ∆t = t 2 − t 1 and given U C (t 1 ) and U C (t 2 ), we seek the function P in (t) that minimizes the integral
while maintaining the correct phase relation at all times. In practice, the boundary conditions U C (t 1 ) and U C (t 2 ) are given by the required energy in the cavity to switch between the "on and "off state as discussed in the introduction. Eq. (5) is a classical optimization problem that we can solve analytically in the general non-linear case of Eqs. (1) and (2) using calculus of variations to find the optimum cavity energy variation U opt C (t). Eqs. (1) and (2) subsequently provide the appropriate input power and phase as a function of time. As an example we consider again the switching problem from section 2 in which case the optimal cavity energy variation and input power variation are shown in Fig. 3 . Within the validity of CMT, this represents the optimal way of switching the cavity energy via the two-pulsed on/off scheme. This should be compared to the constant power scheme in section 2 which is slightly different. 
Conclusion
We have presented an explicit two-pulsed on/off approach to fast switching by coherent control which, to the best of our knowledge, has not been previously suggested. The applicability of the scheme has been verified by independent numerical calculations, and based on the underlying model we have subsequently optimized the switching scheme using calculus of variations. This work was supported by the EU FP7 project "Copernicus" and the Danish Council for Independent Research.
